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Céc phuong phép tinh toan tao thanh nén tang dé giai quyét bai toan trong toan hoc tmg dung, khoa hoc
may tinh, k¥ thuét va tri tué nhén tao (Artificial Intelligence). Mdi phuong phép c6 mot gia dinh riéng vé

dir liéu, khong gian nghiém, muc d9 chinh xac can dat va chi phi tinh toan cé thé chép nhan.

Tai liéu nay trinh bay cac nhom phuwong phap theo mot mach théng nhat. Phuong phép tit dinh
(Deterministic) cung cap nghiém chinh xac khi bai toan c¢6 ciu tric rd rang. Phuong phap ngiu nhién
(Stochastic) cho phép xtr 1y bai toan 16n hoic khé mé hinh hoéa diy du. Phwong phap xip xi
(Approximation) chap nhén sai s6 c6 kiém soat dé do6i 1dy kha ning tinh toan thuc té. Noi suy va ngoai
suy (Interpolation and Extrapolation) gitp suy ludn tir dit liéu hiru han. Ti wu hoa (Optimization) dong
vai trd co ché tim nghiém. Hoc may (Machine Learning) va Al két hop nhiéu co ché trén trong mot hé

thdng hoc tir di liéu.

Muc ti€u cua tai li€u khong phai 1a liét ké thuat toan roi rac. Trong tam la 1am 10 logic toan hoc phia sau
ting nhoém phuong phap, diéu kién ap dung, gidi han k¥ thuat va Iy do vi sao cac phuong phap hién dai,

dac biét la Al co thé hoat dong hi¢u qua trén dir li¢u thuc té.
I. Phwong phap tat dinh (Deterministic)

Phén nay trinh bay nhom thudt toan c6 hanh vi hoan toan xac dinh. Pay 1a diém xuit phat quan trong vi
n6 cho thiy khi nao bai toan c6 thé duoc giai chinh xac, khi nao chi phi tinh toan bét ddu vuot qua kha

nang xir 1y thuc té va vi sao cac phuong phap khac phai xuat hién.

Mot thuét toan 1a tat dinh (Deterministic) khi cung mot dau vao ludn tao ra cung mot dau ra theo cung

mot chudi bude xir 1y. Thuét toan khong st dung yéu t6 ngdu nhién trong qua trinh tinh toan.

Dinh nghia hinh thirc Thuét toan A 14 tit dinh néu ton tai ham f: X — Y sao cho Vx € X: A(x) = f(x)

véi két qua hoan toan xac dinh.



Vi du 1: Gidi hé phwong trinh tuyén tinh (Gaussian Elimination)
Bai toan: tim x € R"™ thoa Ax = b v6i A € R™", det(4) # 0.

Phép khtr Gauss: LU Decomposition

forward  back

A=LU = Ly=b - y - Ux=y
Trong d6 L 1a ma tran tam giac dudi, U 1a tam giac trén. Nghiém duy nhat va chinh xéc:
x=A"1b=U"1L"1b

Phén tich d6 phirc tap: Phép khir Gauss tén O(n3) phép toan. V&i n = 1000: khoang 10° phép tinh: tat
dinh va chinh xac tuyét doi.

Vi du 2: Thuit toan Dijkstra
Tim duong di ngén nhét tir ngudn s dén tat ca dinh trong d6 thi G = (V, E,w) voiw > 0.

Invariant ctia Dijkstra

d[v] = min Z w (u, w)
pPiS~SV
(u,w)ep

Khi dinh v dugc extract khoi priority queue, d[v] 1a chinh xac tuyét d6i. Chimng minh bang quy nap trén
tap S (da xét).

Vv € S:d[v] = §(s,v) (khoang cach thuc)

Thach thirc ctia Deterministic 1a Curse of dimensionality: Khong gian bai toan tang theo ham mii: |X| =
0(k™). Giai chinh x4ac moi bai toan t6 hop n-chiéu 1a khong kha thi. Vi du: Traveling Salesman Problem
(TSP) v6i n thanh phd: khong gian tim kiém (n — 1)!/2, thugc 16p NP hard.

e Bai toan phu hop: Hé phuong trinh tuyén tinh, duong di ngén nhat, sip xép, tim kiém nhi phén,
FFT, d6 thi DAG.

e Khong phu hop: Bai toan NP hard, khong gian trang thai lién tuc R™ chiéu cao, dit liéu nhiéu, bai

toan hoc tir dir liéu.



I1. Phwong phap ngiu nhién (Stochastic)

Phan nay xem xét cac phuong phap dua xac suit vao qua trinh tinh toan. Cach tiép can nay phi hop khi
khong thé duyét hét khong gian trang thai, khong thé tinh tich phan tryc tiép hodc can ldy mau tir mot
phan phéi phirc tap. Gia tri ciia stochastic nam ¢ kha ning mé rong, con gidi han chinh nim ¢ phuong sai,

thoi gian héi tu va d6 tin c@y xac suat.

Phuong phap ngdu nhién (Stochastic) str dung yéu té xac suit trong qué trinh tinh toan. Két qua khong
con duoc xac dinh tuyét di boi dau vao, nhung phuong phap nay phi hop véi cac bai toan co khong gian

16n, nhiéu chidu hoidc kho mé hinh hoa bang thuit toan tat dinh.
Nén ting toan hoc: Luat s6 16n va CLT

Luat s6 16n Manh (SLLN) Cho X3, X, ... iid v6i E[|X;|] < 0. Khi do:

N

a.s. .
N X; - E[X;] khiN - o

i=1
Central Limit Theorem (CLT)
VN (Ey = 1) S N (0,02)
Sai s6 cua udc lugng Monte Carlo ti 16 ~ o /+/N: khong phu thudc chiéu d! Day 1a diém quan trong.
Vi du 1: Monte Carlo Integration
Tinh I = [, f (x) dx v6i 2 © R? phic tap.

Monte Carlo Estimator

N
|2 .
I=10]-E x~Uniform(2) f(X) WZ X; ~ UnlfOI'm(.Q)
i=1

Sai s0 chuan:

2] - of
VN

SE = 7 = Var[f(%)]

Phuong phép bac thang (quadrature) tén O(N?) diém cho sai s O(N~2/4). Monte Carlo: sai s6
O(N~/2) batkeé d.



Vi du 2: MCMC (Markov Chain Monte Carlo)
Lay mAu tir phan phdi m(x) « p(x) khi p khong tinh chuén hoa dugc.
Metropolis Hastings

a(x,x") = min (1 w)

(%) q(x'[x)
Chudi Markov {X,} hdi tu dén m néu thoa detailed balance:

n(x) T(X'|x) = n(x") T(x|x")
Ergodic Theorem: %2;1 g (X)) S E[g(0)]

Vi du 3: Simulated Annealing (T6i wu ngiu nhién)

Xac suat chap nhén trang thai xau hon

AE
P (accept) = exp (— m) T(k) =T, a* a€ (0.9, 1)

Khi T = 0: x4c sut chip nhan trang thai xdu — 0: thudt toan hoi tu dan vé& nghiém t6t. Chimg minh hoi

tu dén ti wu toan cuc véi lich 1am nguéi loga: T(k) = c¢/In(1 + k).

Thach thirc Stochastic Variance: Néu Var[f] 16n, cAn N rét 16n dé dat d6 chinh x4c. Mixing time: MCMC
c6 thé hoi tu chdm néu phan phdi da dinh (multimodal). Khong c6 thuat toan t6t nhat cho moi bai toan:

Doi determinism 14y scalability: dung véi xac suit cao, khong chic chén tuyét dbi.
I11. Phuwong phap xap xi (Approximation)

Phan nay tap trung vao cch thay thé nghiém chinh xac bang nghiém du tét c6 co s& toan hoc. Pay la
huéng tiép can quan trong di v6i cac bai toan tdi vu td hop, bai toan NP hard va cac phép tinh sé khong
thé biéu dién chinh x4c trong thuc té. Diéu can quan tim khong chi 14 sai s6, ma 14 sai sb d6 c6 dugc kiém

soat hay khong.

Phuong phap xap xi (Approximation) khong dat muyc tiéu tim nghiém chinh xac tuyét dbi trong moi
truong hgp. Muc tiéu chinh 1a tim nghiém du tot trong thoi gian chap nhan dugc, dong thoi ¢6 thé néu rd

sai sO hodc ti s0 bao dam.



Approximation Algorithm: Ly thuyét

Approximation Ratio Thuat toan A 1a a-approximation cho bai toan tdi thiéu hoa néu:
Vinstance I: A() < a-OPT{U), a=1

Vi du: Vertex Cover (2 approximation)

Chumng minh ti s6 2

Goi M la matching cuc dai tim dugc. Moi canh trong M can it nhit 1 dinh cover. Thuit toan chon ca 2

dau mut ctia mdi canh trong M:

|C| =2|M|<2-OPT = a=2
Vi OPT can it nhit |M| dinh dé cover M canh roi nhau.
Numerical Approximation: Taylor va Padé

Taylor Series + Error Bound

n

f9(a)
f&x) = (x = @)* + Ry (x)
2.
Lagrange remainder:
(n+1)
Rn(x) = f(nTl()f') (x - a)n+1' f € (a' X)

Vi du: e* xép xi bac 4 tai x = 1:

1 1 1 65
ele1+1+-+-+—=—~27083, |R, <— ~0.0227

26 24 24 =120
Approximation qua Fourier: Tin hiéu va Nén

Best k term Approximation

; . 17 N
fx) = fr(x) = Z ¢ eZme/T’ ¢ = ?f f(x)e—ijx/de
lilsk 0

Theo Parsevals theorem:



1= fllt= Y gl

lj1>k

V6i tin hiéu 4m thanh/hinh anh, ning luong tap trung & tan sb thip din dén nén JPEG/MP3 loai bo hé sb

nho ma 13i tri giac thap.

Thach thirc Approximation Inapproximability: Mot s6 bai toan NP hard c6 ti s6 xap xi t6t nhat 1a 0 (logn)
(Set Cover). Mot s khong thé x4p xi tot hon ti 1¢ nhat dinh trir phi P = NP (dinh ly PCP). Bias variance:

Xap xi bac thap dan dén bias 16n; bac cao dan dén khong 6n dinh (Runges phenomenon).
IV. Noi suy va ngoai suy (Interpolation and Extrapolation)

Phan nay trinh bay cach xay dung ham tir mot tip quan sat hiru han. Interpolation phii hop khi can tai tao
gia tri trong mién dir liéu da biét. Extrapolation kho hon vi phai du doan ngoai ving quan sat. Do do,

phan nay can dugc doc cung véi cac khai niém ve sai so, 6n dinh s6 va mic d6 khong chac chan.

Cho tap diém dit liéu {(x;, i)}, tim ham p(x) sao cho p(x;) = y; véi moi i (interpolation) hodc udc

luong f ngoai pham vi dit li¢u (extrapolation).
1. Nogi suy Lagrange

Pa thuc Lagrange bac n

pnC) = ) i L@, L) = [
i=0 j=0"t
Jj#i
Sai s6 ndi suy:
(n+1)
f(x) —pp(x) = f(n m 1(;) n(x & € [minx;, maxx;]

Hién tuong Runge: v6i f(x) = 1/(1 + 25x2), diém nat déu dan dén 11 ting manh ¢ bién khi n — oo.
2. Spline Cubic: Giai phap thuc té

Cubic Spline: Piéu kién C? lién tuc

Trén moi doan [x;, x;,1], dung da thic bac 3:

Si(x) = a; + bi(x —x) + ¢;(x — x;)* + d;(x — x;)3



biéu kién:
Si(xiv1) = Siv1(xiv1),  Si'(xiw1) = Sia (1), Si" (Xi41) = Si1” (Xi41)

Dan dén hé tridiagonal 4n x 4n: giai dugc bang Thomas algorithm trong O(n). Pay 1a 1y do spline dugc

dung trong thiét ké CAD, font chit, d6 hoa vector.
3. Kriging / Gaussian Process Interpolation
Phién ban stochastic ctia ndi suy: cung cap ca gia tri du doan 1an d6 khong chéc chén.
GP Posterior
f0 ~ GP(m), k(x,x))
Posterior sau khi quan saty = f + €:
1 () = m(X) + Koy (Kxx + 0Dy — m(X))
02(x) = k(x,x) — K.x(Kyx + 021)71Ky,

Tai diém di quan sat: o, = 0 (ndi suy chinh xac). Ngoai vung dir lidu: o, ting dan dén biéu dién duoc

muc do khong chac chan.

Thach thtc Interpolation Runges Phenomenon: Pa thirc bac cao voi nut déu khong on dinh & bién.
Overfitting: Pi qua moi diém # mo hinh tot khi dir liéu c6 nhidu. GP scalability: Tén 0(n®) do phai
nghich dao Kyy, han ché vdin > 10*.

V. T6i wu héa (Optimization)

Phan nay trinh bay optimization nhu co ché trung tAm cuia tinh toan hién dai. Nhiéu bai toan khong chi
yéu cau tinh mot gid tri, ma yéu cdu tim cdu hinh tSt nhat theo mot ham muc tiéu. Trong hoc may,

optimization quyét dinh cach mé hinh diéu chinh tham sb dé giam sai s6 trén dir liéu huan luyén.
Nén tang cia moi phuong phap: dic biét ML. Bai toan tong quat: minyee f (X).
Gradient Descent va bién thé
Cép nhat Gradient Descent
X1 = Xe — NV (Xe)

Hoi tu voi f L-smooth va u-strongly convex:



N7
far) = f < (1-7) (F&xo)=F")
Téc d6 hoi tu tuyén tinh v6i n = 1/L. Condition number k = L/u quyét dinh toc do.
SGD (Stochastic Gradient Descent): thanh phan quan trong cua deep learning
n
1 1
Vf(X) = —Z V[(X; Zi) = EZ V'g(X; Z])

= j€B

M&i buéc tén 0 (b) thay vi 0(n). Véi b « n: tbe d6 mdi budc cao hon n/b lan.

Hoi tu SGD (non convex, Lipschitz gradient):

T-1

%Z E[Il Vf(x,) 7] <

t=0

2(fxo) = )

Chon n = 0(1/VT): min,E[ll Vf I’] = 0(1/VT).
Adam Optimizer: Adaptive Moments
Adam: Bias corrected adaptive learning rate
my = pimeq + (1 —B1)gc  (Ist moment)

Ve = Bovi_q + (1 — B2)g? (2nd moment)

Uy = (bias correction)

M&i tham sb co learning rate riéng, thich nghi theo lich sir gradient. 8; = 0.9, 8, = 0.999, € = 1078 1a

gia tri mac dinh.
VI. Hoc may (Machine Learning) dudi goc nhin toan hoc

Phan nay dit Machine Learning trong quan hé truc tiép voi cac phuong phap da trinh bay trude do.
Machine Learning khong tich roi toan hoc c6 dién. N6 két hop approximation dé biéu dién ham,
optimization dé tim tham sd, stochastic dé hoc trén dit liéu 16n va interpolation dé tong quat hoa tir mau

quan sat.



Hoc may (Machine Learning) 1a su két hop c6 hé thong ciia nhiéu phuong phap tinh toan. Neural network
dong vai trd nhu mé hinh xép xi, gradient descent cung cap co ché t6i uu, SGD dua yéu t6 ngau nhién vao

huén luyén, con kernel methods va Gaussian Process lién hé tryc tiép véi ndi suy.
1. Hoc Co6 Giam Sat: Statistical Learning Theory
Risk va Empirical Risk

R(f) = E(xy)~p[€(f(x),¥)] (True Risk - khong biét)

n
_ 1
R, (f) = 1—12 2(f(x),y) (Empirical Risk - tinh dwoc)

Muc tiéu: minfeg{}?n(f) sao cho R(f) = R, (f).
PAC Learning Bound: VC Theory

Vi xac sudt > 1 — 8, véi moi f € H:

8- VC(H) - In ot — + 8In

VC(}( )
n

R(f) < Ru(f) +

Y nghia: Gap giira train error va test error phu thudc vao VC(H) (d6 phirc tap mo hinh) va n (s6 mau).

Training error thip chua du: cin n » VC(H).
2. Neural Network: Universal Approximation

Universal Approximation Theorem (Cybenko 1989, Hornik 1991) Cho ham kich hoat o lién tuc, bi chén,
khong da thire. V&i moi f € €([0,1]%) va e > 0, ton tai mang 1 16p an:

N

Hf — Z aj O'(WJTX + b])

j=1

(o0}
Nhung ton tai khong néi N bao nhidu va lam sao tim aj, Wj, b;. Deep network giai quyét didu nay:
Deep Network: Representation Power

h® — J(W(l)h(l—l) + b(l)), l=1,..,L



Loi thé cua depth: Mang L 16p, mdi 16p n units biéu dién dugc ham can 0(n) units trong mang 1 1op.
Céc ham nhu f(x) = sin(2™x) cin ©(2™) neurons néu 1 16p, chi can 0(n) neurons néu n 16p (bang cach

t6 hop sin hai lan).
3. Backpropagation: Chudi dao ham (Chain Rule)
Backprop 1a Chain Rule duoc cai dat hiéu qua

oL oL ohWD  gptD O
aw® ~ 9p® 9D " r® aw®

Dinh nghia 6 = % (error signal tai 16p 1):

s = (W(z+1))T5(z+1) 0 o'(z0)

oL
ow®

_ 5(1)(h(z—1))T

Téng chi phi: O(L - n?) per sample: tuyén tinh theo sb layers, khong can tinh lai tir ddu. Pay 1a Iy do deep
learning kha thi.

4. Attention Mechanism: Transformer

Scaled Dot Product Attention

QK"
Attn(Q, K, V) = softmax %

NED
Q = XWy, K = XWy, V = XWy, v6i X € R™¢ (sequence).

, - , KT
Y nghia toan hoc: LS

Jax

tinh ma tran similarity € R™". Sau softmax, mdi token i nhan weighted sum ctia

tatcaV:

L olaiky/die
output, = '

. U
L1y elakon @

. - .
attention weight

Chia /dj: tranh dot product qua 16n lam softmax bdo hoa (gradient — 0). Complexity: 0(n?d): tic
nghén chinh ctia LLM.



VII. Heuristic va tri thirc kinh nghiém

Phan nay trinh bay heuristic nhu mot cach dwa tri thirc linh vyc vao qua trinh tim kiém. Heuristic khong
luén bao dam ti wu toan cuc, nhung giup giam dang ké khong gian can khao sat. Day 1a lwa chon thyc té

khi bai toan qua 16n, qua nhidu hodc qua phirc tap dé giai bang phuong phap chinh xAc.

Heuristic 1a chién luogc tim kiém dya trén tri thie linh vye (domain knowledge). Muc tiéu 1a cit giam
khong gian tim kiém va thu dugc nghiém tdt trong thoi gian thuc té. Heuristic khong phai mot thuét toan

don 1¢. N6 1a mot nhém phuong phap nam giita deterministic, stochastic va approximation.

Dinh nghia hinh thirc Ham heuristic h: S = R* wéc lwong chi phi tir trang thai s dén dich. Thuat toan

heuristic ding h dé wu tién thtr ty kham pha khong gian trang thai S thay vi duyét toan bo.

e Constructive Heuristic: Xay dung nghiém tur dau, tung budc chon lya tham lam. Greedy, Nearest

Neighbor TSP.

e Informed Search: Tim kiém c6 hudng din bai h. A*, IDA*, RBFS: dam bao tdi wu néu h

admissible.

e Local Search: Cai thién nghiém hién tai bang di chuyén trong lan can. Hill Climbing, 2 opt, Tabu

Search.
e Metaheuristic: Framework cap cao diéu phdi local search / population. SA, GA, PSO, ACO, DE.
Nhém 1: Constructive Heuristic (Deterministic)
Greedy Algorithm: Tong quat
Tai mdi bude, chon lya tét nhit cuc b theo ham lya chon ¢: € - R:
Greedy Template

X = argrrézéxc(e), Cr+1 = Cr\{xx} N Feasible
eely

Vi du: Huffman Coding: Greedy chon 2 node tan suat thip nhat dé merge. Chirg minh tdi wu bang

exchange argument:

Cost(T) = Zfl ~dr(i), f; = tansuit, dp = do sau
i

Néu f; < fj thi dr (i) = dr(j) trong cay t6i wu dan dén Greedy diing vi swap khong cai thién duoc.



Vi du: Nearest Neighbor TSP: Bt dau tir thanh phd bét ky, luén dén thanh phd gan nhit chua tham:

v =ar min d(v,,v
ket gveV\{vp---,vk} @i v)

Thuc nghiém: cho két qua trong 10 dén 25% OPT, chay trong 0(n?). Khong c6 bound 1y thuyét tot:

worst case tily ¥ xau hon OPT.
Nhém 2: Informed Search: Thuit toan A*

A* 13 heuristic search hoan chinh va t6i wu néu heuristic thoa diéu kién admissible: cau noi gitra

deterministic (chinh x4c) va heuristic (nhanh).
Ham déanh gia A*
f() =gm) +h®n)

g(n) = chi phi thyc tir stkinh nghiém trién khai dén n; h(n) = u6c luong chi phi tir n dén goal; h*(n) =

chi phi thyc té ti uu.

Diéu kién Admissible va Consistent

Admissible: Vn: h(n) < h*(n): khong duoc udc lugng qua cao (optimistic).
Consistent (Monotone): Vn,n"s h(n) < c(n,n’) + h(n"): bit ding thirc tam giac trén h.
Consistent = Admissible. Néu h consistent: A* t6i uu va khong md node nao hai lan.
Chung minh t6i vu ciia A* (admissible, tree search)

Gia stir A* tra vé dudng di p v6i chi phi € > C* (OPT). Goi p* 1a duong t6i wu, n 13 node trén p* dang

chd trong Open. Tai thoi diém A* chon goal node:
f)=gm) +hn) <gn)+h"(n) =C"<C= f(goal)
A* chon node c6 f nho nhit ddn dén A* phai chon n trudc goal dan dén méu thuan. =

Complexity: Worst case O(bd) v6i b = branching factor, d = depth. Chét lugng heuristic quyét dinh
constant: h = 0 =BFS; h = h* = 0(d).

Vi du: Manhattan Distance cho 8 puzzle

h_Manhattan < h* (Admissible)



8
i) = D (11 =171 + lei = ;)
i=1
La admissible vi mdi tile can it nhdt Manhattan distance budc dé vé ding vi tri (mdi budc chi di chuyén 1
6). Thuc nghiém: hy;,, mé it hon h = 0 t6i 10* 14n trén puzzles kho.
Nhom 3: Local Search va Tabu Search
Hill Climbing va Vian Dé Local Optima
Hill Climbing: Steepest Ascent

Ss1 = arg max f(s),  dimgnéu f(ses1) < f(s0)

N(s) = tap lan c4n cua trang thai s. Van dé: d& mic ket tai local optimum s'°° véi f (s'¢) < f(s™.

Vi du TSP véi 2 opt: NV (s) = tap tour thu dugc bang d6i chd 2 canh. Mdi budc: 0(n?) neighbors kiém

tra.
Tabu Search: Bo Nho Ngcfn Han

Giai quyét local optima bang cach cAm quay lai trang thai da thim gin day: bién deterministic local

search thanh c6 kha nang thoat local optima.

Tabu Search Framework

Sevr = arg max f(s')

7, = Tabu List kich thu6c |T'| = T luu T moves/trang thai gin nhét bj cam.
Aspiration Criterion: Néu move tabu nhung cho nghiém t5t hon best so far, vin dugc chap nhén:
chép nhan 5" € 7; néu f(s") > f(s>)

Chon 7: T nh6 dan dén d& cycle; 7 16n dan dén khong kham pha du. Thyuc nghiém: 7 € [\/T_l, n/ 5] thuong

t6t. Khong co 1y thuyét hoi tu manh: day 1a kinh nghiém trién khai cta Tabu.
Nhom 4: Evolutionary Algorithms: Genetic Algorithm

Lay cam hung tir tién hoa Darwin: duy tri quan thé nghi€m, ap dung selection, crossover, mutation dé¢ hoi

tu vé vung t6t ciia khong gian tim kiém.



GA Framework: Mot thé hé
P, 1 = Mutation (Crossover(Selection(Pt)))

Fitness proportional selection (Roulette Wheel):

f(x)
z:?:1 f (x]-)

P(chon x;) =
1 point crossover: Chon diém cét k ~ Uniform{1, ..., £ — 1}:
Offspring, = x;[1:k] @ x,[k + 1: €], Offspring, = x,[1: k] © x; [k + 1: ¢]
Bit flip mutation: Mdi bit 14t doc 1ap véi xac suit p,,, ~ 1/¢:
xi' =x; ® B;, B; ~ Bernoulli(p,;,)
Schema Theorem (Holland 1975)

Mot schema H 1a template véi ky ty {0,1,*}. Dinh nghia:

o(H) = order (sé bit ¢6 dinh); §(H) = defining length (khoang cach giita 2 bit c¢6 dinh ngoai cting)

E[m(H,t +1)] 2m(H,t) -

fa,) <1 §(H)

_py — ). (1 = o(H)
O Pc {,_1> (1 -pm)

Schema ngin (§ nho), bac thip (o nho), fitness cao (f > f) s& ting sb lugng trong quan thé: Building

Block Hypothesis: GA két hop cac khdi cau tric tot dé tao nghiém tot hon.

Gidi han toan hoc cua GA Schema Theorem chi 1a lower bound ky vong: khong dam bdo hdi tu toan cuc
trong thoi gian da thirc. Khong c6 thuat toan tot nhat cho moi bai todn: GA khong tét hon random search
trung binh trén moi bai toan. GA hiéu qua khi bai toan c6 céu triic decomposable: fitness phu thudc vao

cac block con doc lap.
Nhém 5: Swarm Intelligence: PSO va ACO
Particle Swarm Optimization (PSO)

Mo phong hanh vi bay dan: mdi hat di chuyén trong khong gian lién tuc, bi thu hut boi vi tri tot nhat cua

ban than va cua ca bay.

PSO: Velocity va Position Update



Vi(t+1) = a)Vi(t) + 1" @ (pl - th)) + T @ (g - Xl(t))

inerti - o
Inertia cognitive social
t+1 t t+1
Xl( ) _ Xl( ) 4 Vi( )
w = inertia weight (giam dan: 0.9 - 0.4); c¢4,c; = 2.0 = cognitive/social coefficients; 7,75 ~

Uniform(0,1); p; = personal best; g = global best.
Diéu kién hoi tu (Clerc va Kennedy 2002): Hé théng PSO 6n dinh khi:

c1tcy

w<l 0<c+c<4 w> 1

Hoac dung constriction factor y = voi @ =c1 + ¢y > 4.

2
|2—<p—\/<p2—4<p|
Ant Colony Optimization (ACO)

Mo phong kién tim duong: pheromone trail tich luy trén nhimg dudng di tét, tao co ché reinforcement

learning dang stigmergy.
ACO: Xéc suit chon canh va Cép nhat Pheromone
Xac suat kién k di tir i dén j:

[t ©]" - [n]"

YN E 03] L P Lt

pi () =

7;; = pheromone; 1;; = 1/d;; = visibility (heuristic); a, f = trong s6 tuong doi.

Céap nhat pheromone (ACS: Ant Colony System):

G+ =A-p©O+ ) =
k:(i,j)ELk
p € (0,1) = evaporation rate; C*¥ = d6 dai tour cta kién k. Evaporation tranh stagnation: pheromone cii

quén dan.

Phan tich toan hoc: ACO tuong duong véi Reinforcement Learning dang tabular voi reward o 1/C* va
temporal discount. Hoi tu dén t6i uu toan cuc ching minh duge khi t — oo (Dorigo va Blum 2005),

nhung tbc d6 hoi tu cham hon SA vé mat ly thuyét.



Nhom 6: Hybrid Heuristics: GRASP va Memetic

GRASP (Greedy Randomized Adaptive Search Procedure)

Mabi iteration: (1) Construction phase v6i Restricted Candidate List (RCL):

RCL = {e € C:c(e) = cpin + @(Cmax — Cmin)}

a € [0,1]

Chon ngiu nhién tir RCL thay vi greedy tuyét dbi. (2) Local search phase cai thién nghiém xay dugc.

a = 0: GRASP = Greedy (deterministic); « = 1: GRASP = random construction. a € [0.2,0.5] thuong

tdt nht.

Memetic Algorithm: GA + Local Search

Py = LocalSearch(GA_Generation(Pt))

Sau mdi crossover/mutation, 4p dung local search (2 opt, 3 opt, hill climbing) 1én timg cé thé trudc khi

danh gia fitness. Lamarckian evolution: hoc kinh nghiém trong doi (local optima) truyén cho thé hé sau.

Hi¢u qua: Memetic gidm s6 thé hé can thiét 10 dén 100 X so véi plain GA nho local refinement, ddc biét

trong TSP, VRP, scheduling.

Phén loai tong hop: Heuristic Taxonomy

Thuéat toan | Nhom chinh Xac dinh/Ngiu | Bao dam téi wu | Complexity | Bai toin phu
nhién hop
Greedy Constructive Deterministic Khong (tror | O(n log n) Huffman, MST,
special cases) Scheduling
A* /IDA* Informed Deterministic Néu h | O(b*d) Pathfinding,
Search admissible Puzzle, Planning
Hill Local Search Deterministic Local optimum | O(n; [N|) Continuous
Climbing only optimisation, SAT
2 opt/3 opt | Local Search Deterministic Local 2 opt/3| On?)  dn TSP, VRP
opt optimal O(n?)
Tabu Search | Local Search + | Deterministic* | Khong (thuc | O(iter; [N|) Job Shop, QAP,
Memory nghiém tdt) TSP
Simulated Metaheuristic Stochastic Prob. global | O(iter) Continuous,




Annealing optimal (log discrete, VLSI
schedule) layout
Genetic Evolutionary Stochastic Khéng chéc O(p; €; gen) | Multi  objective,
Algorithm black box opt
PSO Swarm Stochastic Khéng chéc O(swarm; Continuous
Intelligence iter; d) optimisation, NN
training
ACO Swarm Stochastic Asymptotic O(ant; n?; | TSP, routing,
Intelligence global iter) scheduling
GRASP Hybrid Stochastic Khong O(iter; (n + | Set Cover, Max
Constructive LS)) Cut, VRP
Memetic Evolutionary + | Stochastic Khong  (thuc | O(w; LS; | TSP, protein
(MA) LS nghiém rat tét) | gen) folding,
scheduling

Thach thire chung ctia Heuristic

Parameter tuning: SA cin lich 1am ngudi; GA cin g, pg, Pm; PSO cin w, ¢y, c,. Khong cé 1y thuyét tong

quat chon tham sd ti wu: thudng cin meta optimization (grid search, Bayesian optimization).

No convergence guarantee: Trir SA voi log schedule va A* voi admissible h, phan 16n metaheuristic

khong c6 bound hdi tu thuc té. Két qua phu thudc vao random seed, budget (iterations).

Problem specific tuning: ACO cho TSP khic ACO cho scheduling. Viéc diéu chinh N (s), encoding,

operators cho timg bai toan doi hoi domain expertise sau: day 1a kinh nghiém thiét ké ciia metaheuristic.
VIII. Vi sao Al ¢6 hiéu qua dudi goc nhin toan hoc?

Phan nay tong hop cac 1y do toan hoc giai thich hiéu qua ctia Al hién dai. Trong tam khong nam & viéc
xem Al nhu mét co ché dic biét, ma & cach dit liéu thuc té ¢6 ciu tric, cach mé hinh tan dung ciu tric d6

va cach optimization tim dugc nghiém c6 kha ning téng quat hoa.

Hiéu qua cua Al khong xuat phat tir mot co ché dic biét duy nhat. Co it nhét sau 1y do toan hoc can dugc
xem xét: cAu tric the”ip chiéu cua dir liéu, inductive bias, regularization ngém ciaa SGD,

overparameterization, transfer learning va su ton tai cua sparse subnetworks.




Ly do 1: Pha v Curse of Dimensionality (mt phén)
Manifold Hypothesis

Dir liéu thuc té x € RP (anh 224x224x3 dan dén D ~ 150K) thuc sy ndm trén hodc gan mot manifold
thap chiéu M c RP v6i dim(M) = d < D.

x~g(z), zeRY d<«D

Deep network hoc encoder f: RP —» R? va decoder g: RY - RP. Thay vi lam viéc trong R*>%K thuc su

chi can R? véi d ~ 10 dén 100.
Ly do 2: Inductive Bias = Prior Knowledge
CNN: Translational Equivariance
f(z:(®) =7.(f(x)) V translation 7,

CNN khéng can hoc riéng dbi tugng & goc trai va ddi twong & goc phai: cung kernel ap dung moi noi.

Giam s6 tham sd tir O(H - W + Cp, + Coye) xudng O(k? - Ciyy - Coyyt) (shared weights).

Graph Network: f bat bién hodc dong bién v6i hoan vi node: phu hop dit liéu d6 thi phén tir, mang xa hoi.
Ly do 3: Implicit Regularization cia SGD

SGD tim nghiém Flat Minima

Vi loss landscape khong 161, c6 vo sb global minima (overparameterized networks). SGD wu tién nghiém

c6 Hessian nho (flat minimum):
Sharpness = AmaX(VzL(G)) (nho = flat)

Flat minima generalise tot hon (Hochreiter va Schmidhuber 1997; Li et al. 2018): nhidu nho 46 thay dbi

loss it hon ¢ flat region. SGD véi noise tu nhién < o2 /b ¢6 xu huéng drift dén flat minima.
Bayesian interpretation: SGD ~ MAP inference v&i prior o e ~#max/ 20%

Ly do 4: Overparameterization va Double Descent

Bias Variance Decomposition tong quét



E [(y — f(x))z] = Bias’[f(x)]| + Var[f (x)] + 2

unde;ﬁtting overﬁtting
Ly thuyét c6 dién: thém tham sé dan dén Var tang din dén 15i tang. Thuc té modern ML:

Double Descent Phenomenon (Belkin et al. 2019) Khi s6 tham sé p vuot qua interpolation threshold p >

n (s0 mau), risk gidm tré lai:

ting p<n
R(p) ={peak p=n
giam p > n

Vi p — oo va implicit regularisation: R — gié tri t6t hon ca underparameterized regime!
Ly do 5: Transfer Learning va Feature Reuse
Tai sao pre training + fine tuning hiéu qua

Goi ¢: R? — R? 1a feature extractor pre trained. Vi task méi chi can hoc:
1 n
min= "¢ (W - $(x), )
i=1

Thay vi ming y,: bai toan non convex d X D +d X C chiéu. Fine tuning: W tuyén tinh dan dén bai toan

161! Moi local minimum la global minimum.

Bét ding thirc sample complexity: Fine tuning cin Ngpequne < Mseratch’

dtask D
Nfinetune = 0( £2 ) VS Mgeratch = 0 (E_z)

Tiét kiém D /d,,q lan dit lidu: thuong 102 dén 10* lan.
Ly do 6: Lottery Ticket va Sparse Subnetworks

Lottery Ticket Hypothesis (Frankle va Carlin 2019) Trong mang day f (overparameterized), ton tai

subnetwork fp_ (sparse, |0;| < |8]) v6i mask m sao cho:
foom®X) = fo(x) Vx

va khi huin luyén ri€éng tr khdi tao ban dau 95(0) =mQ® 0©, dat két qua tuong duong.



Y nghia: Overparameterization khong du thira hoan toan: né tao ra landscape thuan loi dé SGD tim duge

subnetwork tét. Pruning sau d6 giam 80 dén 90% tham sé ma chi mat <1% accuracy.

Téng hop: So sanh dinh lrong

Phuong phap Bai toan phu hop Do phirc tap | Bao dam Han ché chinh

Deterministic Hé PT tuyén tinh, do Poly Exact, 100% NP hard intractable
thi, sap xép

Stochastic Tich phan chiéu cao, O(1/VN) Xac suat cao Variance, mixing
sampling, t6i wu toan time
cuc

Approximation NP hard combinatorial | Poly a-optimal Inapproximability
(Vertex Cover, TSP) gap

Interpolation Tai tao tin hiéu, CAD, | O(n) dén | Exact tai nut Runge, noisy data
surrogate model O(n3)

Heuristic (A*, | Informed search, | O(b~d) dén | Optimal néu h | Parameter tuning,

Greedy) constructive O(n log n) admissible local optima

Metaheuristic (GA, | NP hard combinatorial, | O(pop; iter) | Khong bao | No convergence

PSO, ACO) black box, multi obj dam proof, tuning

ML (Classical) Classification, O(nd?) PAC bounds Feature engineering
regression, clustering

Deep Learning Vision, NLP, RL, | O(LBnd) Empirical Interpretability, data
generative modeling SOTA hunger

LLM (Transformer) | Ngon ngir, code, | O(n?d) per | Emergent Hallucination, 0(n?)
reasoning, multi modal | token capabilities context

Khéng c6 thuat toan tot nhit cho moi bai toan Theorem (Wolpert 1996): Khong thuat toan nao t6t nhat

trén moi phan phai bai toan:

Z P (success|f, A1) = Z P (success|f,Ay) VA, A,
f f




Al/Deep Learning hiéu qua vi thé gi6i thuc khong phai phan phdi déu: di liéu thuc c6 ciu truc phong phi
(manifold thdp chiéu, twong quan cuc b, tinh dbi ximg). Deep network exploit chinh xac céu tric d6
thong qua inductive bias phii hop. No6i cach khac: Al c6 hiéu qua vi dir lidu thuc t& co cau tric, khong

phai vi toan hoc co ché dic biét.
Keét luan

Céc phuong phap tinh toan khong ton tai doc 1ap theo nghia tuyét dbi. Trong thyc té, mot hé thong co thé
két hop deterministic dé xir 1y cac budc c6 cau triic 13 rang, stochastic dé ldy mau hodc tdi wu trong khong
gian 16n, approximation dé giam chi phi, interpolation dé suy luan tir dit liéu hiru han va heuristic dé dua

tri thire linh vuc vao qué trinh tim kiém.

Diém quan trong 1a phai chon phuong phap theo ban chét cua bai toan. Néu bai toan ¢6 nghiém chinh xac
va chi phi tinh toan chép nhén dugc, deterministic 13 lya chon tu nhién. Néu bai toan ¢ khong gian trang
thai 16n, dit liéu nhidu hodic phan phdi phirc tap, stochastic va heuristic thudng phu hop hon. Néu bai toan

yéu cau can bang gitra d§ chinh xac va hi€u nang, approximation va optimization giit vai tro trung tam.

Machine Learning va Al hién dai c6 thé duoc hiéu nhu su két hop c6 hé théng cla cac nén tang trén. Mo
hinh hoc méay biéu dién ham bang approximation, cdp nhat tham sb bang optimization, xir 1y dir lidu 16n
bang stochastic va tin dung cau trac dir liéu thong qua inductive bias. Vi vdy, Al khong thay thé cac
phuong phap tinh toan c6 dién. AI mé rong cic phuong phap dé trong bdi canh dir lidéu 16n, mo hinh

nhiéu tham so va yéu cau suy luén phuec tap.

Khi st dung tai liéu nay nén doc mdi phwong phap theo ba cau hoi. Bai toan gia dinh diu gi. Phuong
phap bao dam dugc diéu gi. Gidi han tinh toan hodc gidi han mé hinh nam & d4u. Ba cu hoi nay gitp
ngudi hoc tranh xem thuat toan nhu cong thire roi rac va hiéu ding vai tro cta timg phuong phap trong

thiét ké hé thong tinh toan.



